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XXVI. An Invefligation of a general theorem for finding 
the Length of any Arc of any Conic Hyperbola , by Means 
of two Elliptic Arcs, with fome other new and ufeful 
theorems deduced therefrom. By John Landen, F.R. S. 

Redde, Mar. 23, I ff a paper, which the Society did me the 
17 S ' A honour to publifli in the Philofophical 
Tranfa<Stions for the year 177 1 ,1 announced, that I had 
difcovered a general theorem for finding the length of 
any arc of any conic hyperbola, by means of two ellip¬ 
tic arcs; and I promifed to communicate the inveftiga- 
tion of fuch theorem. I now purpofe to perform my 
promife; and, being pleafed with the difcovery (by 
which we are enabled to bring out' very elegant Conclu- 
fions in many interefting enquiries, as well mechanical 
as purely geometrical), I cannot but flatter myfelf, that 
what I am about to communicate will be acceptable to 
gentlemen who are curious in fuch inquiries 1 

1. From the theorem taken notice of in Art. 1. of the 
paper I have juft no w mentioned, it follows, that in the hy¬ 
perbola An (tab. vii. fig. 1.), if the femi-tranfverfe axis 
Acbe=»z-«; the femi-conjugate= 2, x tn-'rfi ; and the per¬ 
pendicular cp; from the center c upon the tangent dp, 

the difference (dp-ad) between the faid 

tangent 
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tangent dp and the arc ad will be equal to the fluent of 


jn + nl 


n\'—e 


2. It is well known, that in any ellipfis whofe iemt- 
tranverfe axis is m, and femi-conjugate rt\ if x be the 
abfciifa, meafured from the center upon the tranfverfe 
axis, and z the arc between the conjugate axis and the 

—T-211 

ordinate correfponding to x, * * will be = z y 


g being ss 
Hence, 


m- 


m 

m + tt 


3 * 


x i being = 


—-f-EEf,’ 


it 

ttlm-tt 


appears, that in the ellipfis aed (fig. a.) Whofe femi- 

tranfverfe axis cd is ^tn+n, femi-conjugateca 

and abfciffa cb (correfponding to the ordinate be) 

_m±n j. t ^ e arc ae j s e q Ua i to the fluent of t. 

3. In the ellipfis aefd (fig. 3.), the lemi-tranfverfe 
axis cd being — tn; the femi-conjugate ca = «; and 
the abfcifTa cb (correfponding to the ordinate be) = x\ 
if ep, the tangent at e, intercepted by a perpendicular 
(cp) drawn thereto from the center c, be denoted by /; 

gx x ( as * s well known) will be = t f g being as 

in the preceding article. 


Hence 



From 
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Hence x 1 — P+V« ft 

“ eg eg. * * 

which equation, by taking the fluxions, we have, 


. u . 

XX- —+ 


nf+rf.xtt — t'.l 


** , m z + n z Xti — t 3 t 

S“"t-- 




2 S Zg X nt—n \*— Z Xrf + n % X / x >/ 4 } 

i . But z being 


m‘—gx‘ 

2 . 

m —x 


X Xm 


eg x m —«P— t l x m+n l 2 —41 1 

as obferved in the preceding article, it appears that 
s - x xx is = s'. It is obvious, therefore, that 


m—n?—? x « + «!*— t 13 


rn+Hl 1 x f—f*f 



2 — 4 ]%/. From whence 
•»> — r 


W? + »1 *—/* 

taking the fluents by the theorems in art. i. and 2. we 


have J5sae {fig. 3.) = 4* + ^ 4 ~ (fig- I•) + J (fig- a-) 

confequently the hyperbolic arc ad is=DP+ae+ 2 1 - 4 ae. 
Thus, beyond my expectation, I find, that the hyperbola 
may in general be rectified by means of two ellipfes. 

Writing e and j for the quadrantal arcs ad, ad, (fig. 
2. and 3.) refpedtively, and l for the limit of the differ¬ 
ence dp-ad, whilft the point of contact (d) is fuppofed 
to be carried to an infinite difiance from- the vertex a of 


the hyperbola (fig. 1.), we find 

2 F-E=L, 

the value of a.e being = 4*' + xffi~'7 n when 

6 that 
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that is, when e coincides with d (fig. a,), and p with c 
(fig. i.), by what I have proved in the before' mentidhed 
paper,- art. i o. 

4. From whait is done above, the following ufeful 
theorems are deduced. 

THEOREM I. 


1 

’The fluent of \a *« 




I 

is = d e. 


THEOREM II. 


The fluent of \a 2 z 



-+» 
a > 


£+ilde-^+aLef. 


THEOREM III. 

The fluentofV-J** 2 ^ aef-de=2 F-E+ad-dp. 

b* + 2 iz —z'lj 

THEOREM IV. 

The fluent of = 2 x de-ef. N. B. k- a —. 

Thefe theorems ftill refer to fig. 1. a. 3.; hut now 
ithe values of the feveral lines therein (being not as be¬ 
fore) are as here fpecified; videlicet. 

Fig. 1.,In the hyperbola ad, the femi-tranfverfe axis 
ac is now = a ; the femi-conjugate = b ; the perpendicu- 

Jar cp, from the center c upon the tangent dp, is — 

Che faid tangent dp =|| f x F+zIz^Pi*-, and the abfcifla 
«B (correfponding to the ordinate bd) is 

Fig. 
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Fig. a. In the ellipfis aed, the femi-tranfverfe axis 
cd is -aF+b l ; the femi-conjugate ca=£; the abfcifla 
cb = x a -; and the ordinate be=£x -I*. 

Fig. 3. In the ellipfis aefd, the femi-tranfverfe axis 
cdis=f« r +Fl i +|«; the femi-conjugate ca=^.?+^l^-^; 
the tangents ep, fq, intercepted by perpendiculars (cp, cq) 

drawn thereto from the center c, each = aixa-z^', and 
the abfcifla (c b' or cb") on cd, correfponding to the point 
e or f, of the curve is determined by the expreflion 



The quadrantal arc ad (fig. a.) is denoted by e; and 
the quadrantal arc ad (fig. 3.) is denoted by f. l the 
limit of dp-ad (fig. 1.) is = aF-E. 

From what is now done, I might proceed to deduce 
many other new theorems, for the computation of 
fluents; but I fliall, at prefent, decline that bufinefs: 
and, after giving a remarkable example of the ufe of 
theorem 4. in computing the defcent of a heavy body 
in a circular arc, conclude this paper with a few obfer- 
vations relative to the contents of the preceding articles. 

5. Let lpqn (fig. 4.) be a femi-circle perpendicular 
to the horizon, whofe higheft point is 1, lowed: n, and 
center m. Let ps, qt, parallel to the horizon, meet the 
diameter lmn in s and t; and let the radius lm (or mn) 
be denoted by r; the height ns by d; and the diftance 
Vol. LXV. Rr st by 
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st by x. Then, putting h for (164 feet) the fpace a 
heavy body, defcending freely from reft, falls through 
in one fecond of time; and fuppofing a pendulum, or 
other heavy body, defcending by its gravity from p, along 
the arc p q n, to have arrived at q; the fluxion of the time 

of defcent will be = • ■■■ ** ~ . The fluent 

xrd — d % — — (Lx — 

Avhereof, or the time of defcent from p to q is (by 
theor. 4. of the preceding article) — -~r ~— x de-ef. 

ti* X 2 r—d 

a (in that theorem) being taken -di, i=ar-^, cb (fig. 
2.) xd-x z , and ep, fq, (fig. 3.) each = d-x 1*. 
Hence it appears, that the whole time of defcent from 
p to n is = — — x e-f ; when, in fig. 2. and 3. the 

hj;X2r—d 

femi-axes are taken according to the values of a and b 
juft now fpecified. 

6. If pqn be a quadrant; that is, if d be = r, the whole 
time of defcent from p to n will be = x e-f, by the 

above theorem. Which time, by what I have fhewn in 

the Philof. Tranfacft. for 17 71, is = 4 * 7 e -1- 4 -Ve’ - 2r, 

h * 


c being \ of the periphery of the circle whofe radius is r. 
Confequently ,-4 x e-f being found = - 1 *t e -+zV e *~ 2C > 

h a b z 


we find from that equation f^e-^Ve*- 2 c, where e is 
the quadrantal arc of the ellipfis, whofe femi-tranfverfe 


andfemi-conjugate axes are zr\ and H 


2 


; and F the qua- 
drantal 
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drantal arc of another ellipfis, whofe femi-tranfverfe and 
femi-conjugate axes are^j and 

Before Mr. maclaurin publifhed his excellent Trea- 
tife of Eluxions, fome very eminent mathematicians ima¬ 
gined, that the elqjljc curve could not be conftruCted by 
the quadrature or rectification of the conic feCtions. But 
that gentleman has ftiewn, in that treatife, that the faid 
curve may in every cafe be conftruCted by the rectifica¬ 
tion of the hyperbola and ellipfis; and he has obferved, 
that, by the fame means, we may conftruCt the curve 
along which, if a heavy body moved, it would recede 
equally in equal times from a given point. Which laft 
mentioned curve Mr. james Bernoulli conftruCted by 
the rectification of the elaftic curve, and Mr. leibnitz 
and Mr. John Bernoulli by the rectification of a geo¬ 
metrical curve of a higher kind than the conic feCtions. 
It is obfervable, that Mr. maclaurin’s method of con- 
ftruCtion juft now adverted to, though very elegant, is 
not without a defeCt. The difference between the hy¬ 
perbolic arc and its tangent being neceffary to be taken, 
the method always fails when fome principal point in 
the figure is to be determined; the faid arc and its tan¬ 
gent then both becoming infinite, though their differ¬ 
ence be at the fame time finite. The contents of this 
paper, properly applied, will evince, that both the elaftic 
curve and the curve of equable recefs from a given point 
(with many others) may be conftruCted by the rectifica¬ 
tion of the ellipfis only, without failure in any point 
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